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Circles

Theorem: it is possible to draw 1 circle



Circles

Theorem: Given any circle, it is possible to draw another one tangent to it



Circles

Theorem: Given any 2 tangent circles, it is possible to draw another one
tangent to them both



Circles

Theorem (Apollonius): Given any 3 tangent circles, it is possible to draw
another one tangent to them all.
There are two choices for adding the fourth one.

Apollonius of Perga (c/ 240-c. 190 BC)
was the inventor of conics



Circle packings

If you are bored, you can keep filling the gaps between the circles with other
tangent circles:

René Descartes
(1596-1650)




This gives you an Apollonian gasket




This gives you an Apollonian gasket

(ky + ky + kg + ky)? = 2(k% + k3 + k2 + k2)

Fact: if your first four circles have integer
curvatures (=1/radius), so do the rest.

Counting circles leads to a lot of interesting
number theory...

e.g. Curvatures must have certain sets of
values mod 24 (Graham et al. ‘03)...

residues
0,1,4,9,12,16 with extra prohibitions on certain
0,0,8, 12, 20,27 curvatures of the form an?, an*
0,4,12,13,16,21 ) :
T 0,8,9,12,17,20 (Haag et al. '24)
Quter circle = 6 3,6,7,10,15, 18, 10, 22

2,3,6,11,14, 15, 18, 23




Counting circles

How many circles larger than a given size are
there?

Theorem (Li-Oh, 2012)
For any bounded Apollonian packing,

(#circles of radius > 1/T) ~ CT* + O(TB),
where «a is the (universal) Hausdorff dimension of the
gasketand 8 < a.

No analytic form known for a...

...how can we find it?

Computation



Key fact for computing:

Apollonian gaskets considered as subsets of C .0 0.
are related by Mo6bius transformations
az + [
Z e a,B,y,0 € C

yz+6'




Key fact for computing

We can map the whole circular triangle
into sub-circular triangles.

So the Apollonian gasket is an invariant set
under some maps.

Dynamic!!

Q: How do we pin down “average” limiting behaviour
associated to some nonlinear transformations?

A: Using transfer operators




Topic of this talk

A transfer operator is a weighted dynamical composition operator:

function @: X - C

(L(p)(X) — Z 1% (x)(p(Tl (X)) weights w;: X - C

LEI maps Tj: X > X

This talk:
* Why transfer operators?
* How can you compute their properties with a high degree of certainty (rigour, accuracy)?

* What are some applications?



Why transfer operators?

The most obvious place to start in dynamics is in studying invariant sets.

These aren't linear objects, but signed measures on them are...



Transfer operator

Given transformations (say T;: X — X), we could define an operator that:
* divides up measures on X according to some functions w; > 0 and

* pushes them forward by different transformations:

LMy = E(Ti)*(wl-u)

L€l

Consider an eigenmeasure v with support A:
LV = v
Now
A = suppv = supp L*v = U; T;(A)
so A is an invariant set!




Duals

Studying the space of measures is a bit nasty, so we study the dual operator
L:L*(X) - LX)

L= ) Tww) o Lop=) wigeT,
[ [

This is much nicer as we are now dealing with functions!

L Wl = oF—— X VW
+ o X VW




Computation

Most transfer operators don't produce analytic solutions
(one exception: Blaschke products—see Cecilia’s talk)

To approximate them on a computer, we need:

A Banach space where our transfer operator has some compactness properties (=
stability under discretisation) Difficult but a big industry

A sequence of finite-rank projections that converge quickly (i.e. a good discretisation)
In progress

A way to compute the action of the operator effectively. Mostly(!) OK
Optionally, a way to rigorously validate your estimate. Surprisingly good



1. Stability to approximation

Many questions involving transfer operators (e.g. fractal dimension) concern an
(often leading) eigenvalue.

Note:

* Point spectrum is much easier to approximate than continuous spectrum.
Work on continuous spectrum: Colbrook et al. ‘23 and descendents...

- However, we know that the discrete spectrum is (mostly)
consistent across Banach spaces (Baladi and Tsuji '16)

Goal: find Banach space B so that L: B —» B
has discrete spectrum (at least somewhere).

Im o(K)
o

“quasicompactness”




1. Stability to approximation

Goal: find a Banach space so that £L: B — B has discrete spectrum (at least
where we are looking at it

* For general maps T; the Banach space B needs to be tailored to the dynamics
e.g. functions with regularity along unstable manifolds, etc.

132 1 Anisotropic Banach spaces dofined via cones

4.2 The spaces W and Wt

g
Ater introducing suitablo fnite systens of local charts and cones adapted
to our Inywﬂmhx map T in §4.2.1, we define the (microlocal) “Sobolev

anisotropic spaces WA(T, V) and WA, (T, V) in §422 (Definiton 4.17)
(The “Hlder™ anisotropic spaces C2*(7 V) wil be introduced in Defin-
tion 4.23 in Section 4.3.)

4.2.1 Charts and cone systems adapted to (T, V)

In Section 4.2.2 (and Section 5.1.1), the hyperbolicity assumption will be
used to define anisotropic spaces in charts, via a system of invariant cones for
the cotangent dynamics. We introduce the relevant objects next. A cone in
R is a subset which is invariant under scalar multiplication. For two cones
C and C' in Y, we write

CeC i Tc interior(C)U{0}

We say that a cone C is d'-dimensional if &’ > 1 is the maximal dimension
of a linear subset of C.

Definition 4.10 (Cone systems, & < &). Let C aud C_ be closed cones.
in Y, with nonempty nierios of respeetive dimenons d, and dy, and such
that Gy 11 G {0} (. tho eones ws transversl). Let By - S5-1 o5 (0.1
be a O function on the unit sphere S in Y satisfying

() =1HE€SINC,,  B4(6) =0ifE€S-1NC,

811 0,1 by

and define #_

P(€)

1-04(8)

A quadruple’® 6
such quadruple 6

(C4,Coy by @) s called a cone system. For another
= (C}.CL.#,, ), we write © < & if

\C,) eC (12)

(Condition (4.12) implies C,. € C4 and

Definition 4.1 (Cone-hyperbolic dlﬂmmmplusm' Let U boan open
oAV RERRS el VRAPRERTES SPSP{CREIE, 87) and

10 Cone systems were called polarizations in [25, 31].

Some Banach spaces for uniformly hyperbolic dynamics (Baladi ‘18

42 The spaces W2 and W 159
(L4 ) be o cone oo, A Ciffmorsiom P U+ ¢
ont s image is cone-hyperbolic fom'™ © to 6 if ¥ extends to a bilpschitz
O ifomorphism of R s that

DEY®\CEC., wrcR! (113)

The sign 4 in the notation C. rofers to the fact that we shall require
in the Paley-Littlewoo! Definiton 1.17) Soboles regalrity with a postive
exponent i the dircctions C.,
ponent in the directions given by C_. See Remark 4.13 and

a negative e

Delinition 1.15

Remark 4.12 (Choosing a larger/smaller cone system in the ima
176 < 6, then the ety map i cone-hyperbolic fom & to &
wil be useful to obtain a Leibniz lemuma from

sce the proof of Lemma 129, and Corollary 5.19). However, in
shal work with Iypesblic mago (reall (46-4), sod wo may o
CENSNULE TS i o (e i o
6100, shan hareexiis 8 & < © ch that F s cone-hyperbate foms © 0
. and there exists a & > 6 such that F is cone-hyperbolic from © to &

Remark 413 (Cane ssems and lablfnsabe cone) I P b yprboli
hen by the previous remark there exist cone sysi < & such that
F is cone-hyperbolic from 6 to & L) o

wnstable cones for £, while C.., C

correspond 1o stable cones for F
1.40) below.) Tn the application (o tramsfer operators £,

e o (o R ST IR e vt
diffeomorphism 7. (In paticular, composing with F improves regularity in
thestablecon o F which s reflctd . the posiiv egulay exponcns n
the stable C. in Definition 4.17.) In the iterature 58] one sometimes
In that case, the

considers the transfer operator associated with T = 71

stable cone of 7 s an uastable cone for T and vice versa. In pasticuls, C:.

s an unstable cone for 7

For a C! cone S e g &
(©,.C..,

from © = (C,,C_. &y, 9 ) to {.CL.@,. "), and for  compact
subset K C U, we put

DFE(¢

VEL = 1FLs = wp 125N (1.11)

and

11 W donote the transpeeed matex of A ocally

W view Oy
R

v
consant cons falda it otangent bl T
the transpose of DF.

12 Cone-hyperbolicey only dopends on the data G and C

12 The spaces W42 and W

tespeet to some cone system; then we carzy over the defnition to the manifold
M using suitable systems of charts and cones in RY from §1.2.1

Lot © = (s, ) be a cone system as in Defnition 4.10. For real mum-
bers ¢ and s, rocalling the funetion vy dofined between (2.63) and (2.66), we.
introduce® the symbols

Ve (6) = (1+ ] ‘(‘;‘)u,mm\ (@)
e - e ()0 n@).
(Ot b, sl o <0< £ v £ <7 1) s
in (2.73), set a%g(x) = F~}(a(€) - F(p))(x), \\hun F is the Fourier

ranstorm (212)

Dolintion 410 (Anisotzopic Sobolev spaces 1% and V. in ),

For a compact set K C RY with nonempty interior, 1 < p < o, and real
numbers 5, £, set for € C(K)
lelhegse = 125, () + 928 () + 457 ), (119)
el = I8, (@e, + 108 (P, + 5" (o)l (420)

Thn let W24 (K) be the completion of C*(K) with respec to |-,

and let W (1) be the completion of C™(K) with respect 1o | - [y
The operator #05, +¥C5_+4(? : S/(RY) - S'(R) i bijctive on (R
and we may define
= 8, + 908+ v La(RY)

with induced norm. For 1 < p < o, the analogue of Remark 2.

WELH (K

2k & SR | supp(s) C K

18, + 28 + 9@z, e < o}

0 that WL (K) i fsometric o { € W22"(R) | supp(p) < K). The

space W8 (1) may b dscribed sl (ollugh vt s neat) oy via
the injective (non surjective) map (#75, . #0% SI(RY) - SR
S(BY) & S(RY. Since (Ly)° = L, Ko (,u o0, and the operators

aro scadjoit, the dual o WEE (We shall not need

WS
thin) The +» verson ofthe norm R R s
any 1< p < oo and all £ € R, we have

59 1 the original definition of [25, App. Al, the multiplication by (1~ ) had boen
inadvertently omitted

130 4 Avisoteople Banach spaces dafine via concs

O0) = Ly(K),  WES(K) = Hi(K) (22
(Sce also Proposition 420, s well as the Comments at the end of this chap-
ter.) This double starred iorm i also caser to manipulate to prove Lasota
Yorke incqualites when T is C (sce Appendix D.4). However, the norm
Wi s casier to deseribe in Paley Littlewood form (see (4.20) and Proposi-
tian 1.21). We shall thercfore wse WS to prove the Lasota Yorke cstimate
in §43.1

Fix 1 <
a partition of

Defiion 4.17 (Anisotropic spaces Wi and 52
< o0, and real mumbers s and £, Fix O claris

ity 6, and cone systems O, saisfying the. uVlmr(unm of Defitions 111
and 4.15 in Section 1.2.1. The Banach spaces Wy.2(T, V) and WEE(T, V) are
the completion of (V) for the respective norms'®

vz, = max 6

and

ey = a0 ) 5 ey

Remark 4.1, It is ot explicit in ou notation, but the spaces W55
depnd on e e o st (V) the cono e @,

TR R TIR ol Wl P o e o
a different. set of cone systems, or & different partition of unity, does not
priori give rise to equivalent norms, although the Lasota-Yorke bounds in

Lemma 426 give relations. This does not canse problems,

We shall sce in the proof of Theorem 4.6 that the next proposition implies
that, for the purposes of studying the essential speetzal radivs of the transfer
o i G BT e G G

Proposition 4.19 (Comparing 175 and For each 1 < p < oo

any 6 < O and every 1,5 € R there erists o C i

for g € C=(K). (123)

Proof. The first inequaliy is trivial. To prove the second inequality
it s enough to show

max{[I80F (@)le, €05 (&), 1667 (@)lle, }
<C- %

U8, () + 9 (@l

for some constant C. Since

By Lo R (e S e ) R

tho st Compacnt o 1 158 Fookota b5 Delation 311 appiie her.




1. Stablllty toO apprOXImatlon Note Apollonian circle

packing is 2 real dimensions

Super ezy mode: uniform 1D contractions:
T;:[-1,1] - [-1,1] s.t. sup |T{(x)| <y <1.

x€[—1,1]
i€l
Almost any space of at least Holder functions will give us a quasi-compact
operator.

But we want the best for computation (="“most compact”)



1. Stability to approximation: Banach space

Let's imagine that there are some open sets U,V with
[-1,1]cUcUcVcC

so that the T;, w; extend analytically to U so each T; maps U into V.




1. Stability to approximation: Banach space

Define the Hardy space:
H(U) = {¢: U — C analytic and bounded}

with the sup-norm on U.
0@ = ) wi(@e(T(2))

Then:
« L:H(V) » H(U) is bounded
* H(V) embeds compactly in H(U).

So L: H(U) —» H(U) is compact and thus approximable in operator norm by finite
rank operators



2. Discretisation: polynomials

Let's try and project our operator £ onto a space of polynomials:
V = {polynomials of degree < K}

There are many ways to do this of varying quality.

Given K points {x;} we can choose as a basis of V the Lagrange polynomials,

defined by:

L g=J
gj(xj,) B {0, else




2. Discretisation: polynomials

We can use Lagrange polynomials to
interpolate a function:

K
0@ = ) 9(5))
j=1

For most choices of points {x;}, this is a
terrible idea.




2. Discretisation: polynomials

But for Chebyshev points, it works great:

m(2k — 1)
2k

X = COS € [—1,1]

Why?
X — cos b6

Chebyshev points — evenly spaced points

polynomials — trig functions




2. Discretisation: polynomials

We can interpolate £ in the polynomial basis:

K
L®g =) 2 (L) ()
j=1

Now, suppose our sets U,V are Bernstein ellipses:

Theorem (Bandtlow & Slipantschuk ‘19, 1D; W. and
Vytnova ‘25 nD)

Let L& be the K-point interpolation of £. Then there exist
(constructible) constants C, ¢

| £t — Ly S Ce™

All our estimates are exponentially good!

Rz

1.0 A

0.5

0.0 1

—0.5 1

—1.0 1

T T T T T T T
-15 —-1.0 -0.5 0.0 0.5 1.0 1.5

Sz

cos(R+ i[—p,p ]



Work using Chebyshev discretisations

Lyapunov exponents (W.’19, W. ‘21, Pollicott-Vytnova ‘23), statistical laws
(W.’19, Crimmins-Froyland '19), metric entropy (Pollicott-Slipantschuk '24)

Eigenvalues, almost-invariant sets (Bandtlow-Slipantschuk '19, Blumenthal et al. '25)

Hausdorff dimension (Pollicott-Vytnova ‘22 , Vytnova-W. ‘25)

Selberg zeta functions (Bandtlow et al. 21)

Lagrange and Markov spectra (Pollicott-Vytnova ‘22, Matheus-Moreira-Vytnova ‘22)

Fourier transform of fractal measures (w.23)

Linear response problems (Nisoli-Taylor-Crush ‘23, Froyland-Galatolo ‘'23)

Extended Dynamical Mode Decomposition (Bandtlow-Just-Slipantschuk group ‘23-, W.
25, Herwig et al. ‘25, ...)



Application 1: fractal Hausdorff dimension

If there exists a Frostman measure u supported on a set A with
,u(B(x, r)) < Cr®forallx € A

then the Hausdorff dimension of A is greater than or equal to s.

Under some nice conditions (T; conformal...) we can find such measures as
eigenmeasures of a transfer operator (Lsu = u)

(L)@ = ) DT (T, ()

L€l



Application 1: fractal Hausdorff dimension

Suppose the fractal A is generated by uniform

conformal, non-overlapping contractions {T;}. Define N
(L)) = ) IDT(0I $(T, () 1
ie] ————

<1 dim;](/\)
* R(s) = specrad L; is strictly decreasing

* R(dimy(A)) = 1 (Ruelle-Bowen formula)



Application 1: fractal Hausdorff dimension

Numbers can have interesting continued fractions.
For example, they can just contain 1 and 2, e.qg.

1

1
1
1
1

1+ .-

These numbers form a set E, c [0,1] invariant under
the contractions*

1
Ty (x) :1—-I—x'T2(x) —

X =

2 +

2 +

1+

2 +

2+ x

1.0
0.8 \




Application 1: fractal Hausdorff dimension

The issue is basically to find s € [0,1] such that 1 is the leading eigenvalue of

“epld = (1 +1x)25 v (1 Jlr x) e +1x)25 Y (2 Jlr x)

Theorem 1.5.3
dimg (Es)
= 0.5312805062 7720514162 4468647368 4717854930 5910901839 8779888397
8039275295 3564383134 5918109570 1811852398 8042805724 3075187633
4223893394 8082230901 7869596532 8712235464 2997948966 3784033728

7630454110 1508045191 3969768071 3 + 10201,

Details on the proof of this bound appear in §4.1.2. Whereas it may not be clear
why a knowledge of dimg (FE2) to 200 decimal places is beneficial, it at least serves
to illustrate the effectiveness of the method we are using compared with earlier

hes.
approaches Pollicott and Vytnova, TAMS, 2022

More advanced applications to Markov and Lagrange spectra, Zaremba
conjecture...



Rigorous validation

To turn your computer bound into a theorem, you need:

* Interval arithmetic to keep track of round-off errors and 1D approximations
(e.g. truncating sums)

* A trick to go from finite dimensions to the full problem
| used to loathe this part, but if you have the right trick it is not that bad

The innovation of Pollicott-Vytnova ‘22 was to harness
the fact that L are positive operators

A




Application 1a: Apollonian circle packing

* For half a century the bound for the Apollonian gasket's dimension was:

Theorem (Boyd, 1973):
1.300197 < a < 1.314534

* Various non-rigorous estimates using Ruelle-Bowen formula:
Thomas and Dhar ‘94, Curtis McMullen ‘98, de Leo ‘14, Bai-Finch ‘18
Issues:

* The contractions are actually non-uniform

* They didn't have much control over their discretisations

Joint work with Polina Vytnova (University of Surrey)
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Joint work with Polina Vytnova (University of Surrey)




Non-uniform contractions \

Our strategy* is to combine maps to get
uniform contractions.

This led to an infinite number of branches:

L)@ = ) Jns (50T 1)
n=1 - —

iE{+,—} O(n'—ZS)

But we can approximate the tail via
Euler-Maclaurin formula...

(00)

D It (Y @(Tns() ~ ) e, N2
n=N

[=0 /
* probably the most computationally effective approach for any

low-dimensional dynamics !?



Application 1a: Apollonian circle packing

Problem of computation “solved”:

Theorem (Vytnova and W., Invent. Math. 2025)

a = 1.3056867280 4987718464 5986206851 0408911060 2644149646
8296446188 3889969864 2050296986 4545216123 1505387132
8079246688 2421869101 967305643 + 10712°

» In this algorithm, resources ~ (#certified digits)°*¢.

Rauzy gasket (from interval
exchange transformations)

 The same ideas transfer to a lot of other fractals!

b
‘{r; PP°°°7°7°
\ Loy |ttt
9L ;r*f-f’h*‘ 7% o d
SO LI o | ity Mg S, A
PR TR I St
‘.. T \_4_1' J' e
# .‘{E}.fg\s/\;fn i;
&
?

Parabolic Julia sets



Application 2: Koopman operators

Suppose you have a dynamical system T: M - M and you are interested in the
evolution of states (Fokker-Planck operator but deterministic).

That involves studying
Ku =T

or its adjoint, known as the Koopman operator:
Kp:=yPoT

The eigenfunctions of this operator identify invariant sets, almost-invariant
sets...



Application 2: Koopman operators

KY =1PoT

Hope: study Koopman operators from observations:
(KY)(xg) = T(xk) = Xg41
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% 0.00 g 0007
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Time series (maybe high-
dimensional/partially observed/...)

1"DAngIe" of Koopman eigenfunction ;»%ngle" of Perron-Frobenius eigenf'n

NN \
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T R R B Bl

Almost invariant
sets, metastable
structures...
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1"0Angle" of Koopman eigenfunction

I/—(\)ngle" of Perron-Frobenius eigenf'n
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Application 2: Koopman operators

All our ideas are the same but with different basis functions.

Given function basis {{g, ¥4, ..., ¥} find matrix K that minimizes least squares
error:

M 2
Kv = argmin z Z(Kv)blpb(xm) - Z vy Y (T (xm))
p deg. <n =115 5 . ’ >
trig.poly. KPp(Xm)




Application 2: Koopman operators

Huge industry, and it depends on your basis functions:
piecewise constant functions (= Ulam’s method) (Dellnitz et al. 2001 - 300+ citations)
Via linear functions/delay variables (DMD) (Tu 13, 2600+ citations)

Via low-order polynomials (Extended DMD) (williams et al. ‘15, 2000+ citations)

Most theoretical study of (E)DMD has been assuming B = L%, which gives just
continuous spectrum for chaotic system.



Application 2: Koopman operators

Theorem (W. '25): the operator error of
trigonometric least squares
approximation against a general
sampling density p

2T
Pg = argmin f 0 () — p(O)12p(x)dx
p deg.<n Jg

trig.poly.
is as small as that of Fourier projection
(up to a constant).

For expanding maps (i.e. the
opposite of contractions), EDMD
recovers the discrete spectrum of
the Koopman operator...
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Application 2:

KOOpman Operators Left eigenmodes Right eigenmodes
1.5 4 :
...in a space of negative S .
differentiability! _ 10- = AR
0.5 A fil )
0.0 T 0- :
0 n 2n 0 n 2n

Q: how do data sampling errors

behave in a space of negative , , )
differentiability? ...in fact, in the space H(U)



Outlook/bigger picture

Transfer operators are an abstract, versatile way to study dynamics and their
long-term behaviour

We have methods to compute them rigorously and accurately (= reliably), in
an increasingly large array of settings

The beginning of some very long journeys!

Can we push on to study “difficult” cases like non-conformal fractals, non-uniformly
hyperbolic dynamics?

Effectiveness of Koopman operator approximation from data? Can we quantify our
uncertainty?

PhD scholarship on Koopman numerics from mid-2026!



