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respect to some cone system; then we carry over the definition to the manifold
M using suitable systems of charts and cones in Rd from §4.2.1.

Let Γ = (C±,Ψ±) be a cone system as in Definition 4.10. For real num-
bers t and s, recalling the function Σ0 defined between (2.65) and (2.66), we
introduce15 the symbols

Ψt,Θ+(ξ) = (1 + ⇒ξ⇒2)t/2Ψ+

(
ξ

⇒ξ⇒

)
(1 − Σ0(ξ)) , (4.17)

Ψs,Θ−(ξ) = (1 + ⇒ξ⇒2)s/2Ψ−

(
ξ

⇒ξ⇒

)
(1 − Σ0(ξ)) . (4.18)

(In the application, we shall take s < 0 < t with t − s < r − 1.) Just like
in (2.73), we set aOpϕ(x) := F−1(a(ξ) · F(ϕ))(x), where F is the Fourier
transform (2.12).

Definition 4.16 (Anisotropic Sobolev spaces W t,s
p,∗ and W t,s

p,∗∗ in Rd).
For a compact set K ⊂ Rd with nonempty interior, 1 ≤ p < ∞, and real
numbers s, t, set for ϕ ∈ C∞(K)

⇒ϕ⇒WΘ,t,s
p,∗∗

= ⇒ΨOp
t,Θ+

(ϕ) + ΨOp
s,Θ−

(ϕ) + ΣOp
0 (ϕ)⇒Lp , (4.19)

⇒ϕ⇒WΘ,t,s
p,∗

= ⇒ΨOp
t,Θ+

(ϕ)⇒Lp + ⇒ΨOp
s,Θ−

(ϕ)⇒Lp + ⇒ΣOp
0 (ϕ)⇒Lp . (4.20)

Then let WΘ,t,s
p,∗ (K) be the completion of C∞(K) with respect to ⇒ · ⇒WΘ,t,s

p,∗
,

and let WΘ,t,s
p,∗∗ (K) be the completion of C∞(K) with respect to ⇒ · ⇒WΘ,t,s

p,∗∗
.

The operator ΨOp
t,Θ+

+ΨOp
s,Θ−

+ΣOp
0 : S ′(Rd) → S ′(Rd) is bijective on S ′(Rd)

and we may define

WΘ,t,s
p,∗∗ (Rd) := (ΨOp

t,Θ+
+ ΨOp

s,Θ−
+ Σop

0 )−1(Lp(Rd)) ,

with induced norm. For 1 < p < ∞, the analogue of Remark 2.12 gives

WΘ,t,s
p,∗∗ (K) = {ϕ ∈ S ′(Rd) | supp(ϕ) ⊂ K , (4.21)

⇒(ΨOp
t,Θ+

+ ΨOp
s,Θ−

+ ΣOp
0 )(ϕ)⇒Lp(Rd) < ∞} ,

so that WΘ,t,s
p,∗∗ (K) is isometric to {ϕ ∈ WΘ,t,s

p,∗∗ (Rd) | supp(ϕ) ⊂ K}. The

space WΘ,t,s
p,∗ (K) may be described in a similar (although not as neat) way via

the injective (non surjective) map (ΨOp
t,Θ+

,ΨOp
s,Θ−

,ΣOp
0 ) : S ′(Rd) → S ′(Rd) ⊕

S ′(Rd) ⊕ S ′(Rd). Since (Lp)∗ = Lp/(p−1) for 1 ≤ p < ∞, and the operators

ΨOp
t,Θ±

are self-adjoint, the dual of WΘ,t,s
p,∗∗ is WΘ,−t,−s

p/(p−1),∗∗. (We shall not need

this.) The ∗∗ version of the norm is therefore more natural, in particular, for
any 1 ≤ p ≤ ∞ and all t ∈ R, we have

15 In the original definition of [28, App. A], the multiplication by (1 − ψ0) had been
inadvertently omitted.
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Theorem: it is possible to draw 1 circle

Circles



Theorem: Given any circle, it is possible to draw another one tangent to it

Circles



Theorem: Given any 2 tangent circles, it is possible to draw another one 
tangent to them both

Circles



Theorem (Apollonius): Given any 3 tangent circles, it is possible to draw 
another one tangent to them all. 
There are two choices for adding the fourth one.

Circles

Apollonius of Perga (c. 240–c. 190 BC) 
was the inventor of conics



Circle packings
If you are bored, you can keep filling the gaps between the circles with other 
tangent circles:

Seen in Smith’s Alternative, Canberra

René Descartes 
(1596–1650)



This gives you an Apollonian gasket



This gives you an Apollonian gasket

Fact: if your first four circles have integer 
curvatures (=1/radius), so do the rest.

Counting circles leads to a lot of interesting 
number theory… 

Outer circle = 6

Stange ‘24

50 KATHERINE E. STANGE

F����� �.�. An Apollonian packing coloured by residue modulo 3 and 5, respec-
tively.

6. A��������� ������ ��������: ������ ������ �������

6.1. What is known about curvatures? Which integer curvatures appear as curvatures in a prim-
itive integral Apollonian circle packing? It is evident that not all curvatures can appear, since the
packing doesn’t have enough geometric ‘room’ to fit all the small curvatures. However, once we
start collating the larger curvatures, we begin to see many repeats. So it may be reasonable to
believe that we eventually begin to see every su�ciently large curvature.

This is not true however. See Figure 6.1. Graham, Lagarias, Mallows, Wilks and Yan observed
a congruence restriction on curvatures [GLM+03]. Precisely, they observed that certain residue
classes modulo 24were sometimes entirely avoided by the set of curvatures in a primitive integral
Apollonian circle packing. Specifically, when reducing the curvatures of an Apollonian packing
modulo 24, one obtains one of the following six possible sets of admissible curvatures (for a complete
proof, see [HKRS24, Proposition 2.1]):

type residues
(6, 1) 0, 1, 4, 9, 12, 16
(6, 5) 0, 5, 8, 12, 20, 21
(6, 13) 0, 4, 12, 13, 16, 21
(6, 17) 0, 8, 9, 12, 17, 20
(8, 7) 3, 6, 7, 10, 15, 18, 19, 22
(8, 11) 2, 3, 6, 11, 14, 15, 18, 23

Each admissible set is assigned a type for reference, which is (n, k)wheren is the number of residues
and k is the smallest residue coprime to 24.

To understand the local (i.e., congruence) obstructions thatmay appear for amodulus n, one can
label the Cayley graph by Descartes quadruples (beginning from the root labelled with any fixed
quadruple of the packing), and reduce modulo n, identifying vertices with identical quadruples
modulo n. We obtain a picture such as that in Figure 6.2. For some moduli, the reduced Cayley
graph is small, and some residue classes are missed amongst the curvatures (as in the figure).

e.g. Curvatures must have certain sets of 
values mod	24 (Graham et al. ‘03)…

                 with extra prohibitions on certain
  curvatures of the form 𝛼𝑛!, 𝛼𝑛".
  (Haag et al. ‘24)

𝑘# + 𝑘! + 𝑘$ + 𝑘" ! = 2 𝑘#! + 𝑘!! + 𝑘$! + 𝑘"!



Counting circles

How many circles larger than a given size are 
there?

No analytic form known for 𝛼…

 …how can we find it?

  Computation

Stange ‘24

Theorem (Li–Oh, 2012)
For any bounded Apollonian packing,

#circles	of	radius > 1/𝑇 ∼ 𝐶𝑇% + 𝒪 𝑇& ,
where 𝛼 is the (universal) Hausdorff dimension of the 
gasket and 𝛽 < 𝛼.



Key fact for computing:

Apollonian gaskets considered as subsets of ℂ 
are related by Möbius transformations 

𝑧 ↦
𝛼𝑧 + 𝛽
𝛾𝑧 + 𝛿

, 	𝛼, 𝛽, 𝛾, 𝛿 ∈ ℂ



Key fact for computing

We can map the whole circular triangle
 into sub-circular triangles.

So the Apollonian gasket is an invariant set 
under some maps. 

Q: How do we pin down “average” limiting behaviour 
associated to some nonlinear transformations?

A: Using transfer operators

Dynamics!!



Topic of this talk

A transfer operator is a weighted dynamical composition operator:

This talk:
• Why transfer operators?

• How can you compute their properties with a high degree of certainty (rigour, accuracy)?

• What are some applications?

ℒ𝜑 𝑥 =%
!∈#

𝑤! 𝑥 𝜑(𝑇! 𝑥 )
function 𝜑: 𝑋 → ℂ

weights 𝑤': 𝑋 → ℂ
maps 𝑇': 𝑋 → 𝑋



Why transfer operators?
The most obvious place to start in dynamics is in studying invariant sets. 

These aren’t linear objects, but signed measures on them are…



Transfer operator
Given transformations (say 𝑇F: 𝑋 → 𝑋), we could define an operator that:

• divides up measures on 𝑋 according to some functions 𝑤F > 0 and

• pushes them forward by different transformations: 

ℒ∗𝜇 ≔6
F∈I

𝑇F ∗ 𝑤F𝜇

Consider an eigenmeasure 𝜈 with support Λ:
ℒ∗𝜈 = 𝜆𝜈

Now 
Λ = supp	𝜈 = supp	ℒ∗𝜈 =	∪F 𝑇F Λ

so Λ is an invariant set!



Duals
Studying the space of measures is a bit nasty, so we study the dual operator 
ℒ: 𝐿J 𝑋 → 𝐿J 𝑋

ℒ∗𝜇 ≔6
F

𝑇F∗ 𝑤F𝜇 	 ↔ 	 ℒ𝜑 = 6
F

𝑤F𝜑 ∘ 𝑇F

This is much nicer as we are now dealing with functions!

Discretisation error

The transfer operator sends oscillating functions to functions of
lower frequency:

LTk =
X

i2I

(�iv
0

i ) ⇥ (Tk � vi ).

Graphically,

�1
0
1

0.0

0.5

�1
0
1

0.0

0.5

�1
0
1

�1
0
1

L
<latexit sha1_base64="9GITuOZ38GZqWO0cVLGD/0+tUTE="></latexit><latexit sha1_base64="9GITuOZ38GZqWO0cVLGD/0+tUTE="></latexit><latexit sha1_base64="9GITuOZ38GZqWO0cVLGD/0+tUTE="></latexit><latexit sha1_base64="9GITuOZ38GZqWO0cVLGD/0+tUTE="></latexit>

=<latexit sha1_base64="NNhZHC3edyFZ6bhQLdIfQrXfGGY="></latexit><latexit sha1_base64="NNhZHC3edyFZ6bhQLdIfQrXfGGY="></latexit><latexit sha1_base64="NNhZHC3edyFZ6bhQLdIfQrXfGGY="></latexit><latexit sha1_base64="NNhZHC3edyFZ6bhQLdIfQrXfGGY="></latexit>

+
<latexit sha1_base64="Sd1TCs5qr5cVikti7OkCd97/UOg="></latexit><latexit sha1_base64="Sd1TCs5qr5cVikti7OkCd97/UOg="></latexit><latexit sha1_base64="Sd1TCs5qr5cVikti7OkCd97/UOg="></latexit><latexit sha1_base64="Sd1TCs5qr5cVikti7OkCd97/UOg="></latexit>

⇥
<latexit sha1_base64="Kh1GLh3OzAHJFGuaVJAgzaIssBA="></latexit><latexit sha1_base64="Kh1GLh3OzAHJFGuaVJAgzaIssBA="></latexit><latexit sha1_base64="Kh1GLh3OzAHJFGuaVJAgzaIssBA="></latexit><latexit sha1_base64="Kh1GLh3OzAHJFGuaVJAgzaIssBA="></latexit>

⇥
<latexit sha1_base64="Kh1GLh3OzAHJFGuaVJAgzaIssBA="></latexit><latexit sha1_base64="Kh1GLh3OzAHJFGuaVJAgzaIssBA="></latexit><latexit sha1_base64="Kh1GLh3OzAHJFGuaVJAgzaIssBA="></latexit><latexit sha1_base64="Kh1GLh3OzAHJFGuaVJAgzaIssBA="></latexit>

=<latexit sha1_base64="NNhZHC3edyFZ6bhQLdIfQrXfGGY="></latexit><latexit sha1_base64="NNhZHC3edyFZ6bhQLdIfQrXfGGY="></latexit><latexit sha1_base64="NNhZHC3edyFZ6bhQLdIfQrXfGGY="></latexit><latexit sha1_base64="NNhZHC3edyFZ6bhQLdIfQrXfGGY="></latexit> .
<latexit sha1_base64="QvYsQ1LroFYuPrGrJgkJq+LNZ44="></latexit><latexit sha1_base64="QvYsQ1LroFYuPrGrJgkJq+LNZ44="></latexit><latexit sha1_base64="QvYsQ1LroFYuPrGrJgkJq+LNZ44="></latexit><latexit sha1_base64="QvYsQ1LroFYuPrGrJgkJq+LNZ44="></latexit>



Computation
• Most transfer operators don’t produce analytic solutions 

(one exception: Blaschke products—see Cecilia’s talk)

• To approximate them on a computer, we need:
1. A Banach space where our transfer operator has some compactness properties (⟹ 

stability under discretisation) Difficult but a big industry

2. A sequence of finite-rank projections that converge quickly (i.e. a good discretisation) 
In progress

3. A way to compute the action of the operator effectively. Mostly(!) OK

4. Optionally, a way to rigorously validate your estimate. Surprisingly good



1. Stability to approximation
Many questions involving transfer operators (e.g. fractal dimension) concern an 
(often leading) eigenvalue.

Note:

• Point spectrum is much easier to approximate than continuous spectrum.
Work on continuous spectrum: Colbrook et al. ’23 and descendents…

• However, we know that the discrete spectrum is (mostly) 
consistent across Banach spaces (Baladi and Tsuji ‘16)

Goal: find Banach space ℬ so that ℒ: ℬ → ℬ 
has discrete spectrum (at least somewhere).
“quasicompactness”



1. Stability to approximation
Goal: find a Banach space so that ℒ: ℬ → ℬ has discrete spectrum (at least 
where we are looking at it).

• For general maps 𝑇F the Banach space ℬ needs to be tailored to the dynamics 
(e.g. functions with regularity along unstable manifolds, etc.)

4.2 The spaces W t,s
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respect to some cone system; then we carry over the definition to the manifold
M using suitable systems of charts and cones in Rd from §4.2.1.

Let Γ = (C±,Ψ±) be a cone system as in Definition 4.10. For real num-
bers t and s, recalling the function Σ0 defined between (2.65) and (2.66), we
introduce15 the symbols

Ψt,Θ+(ξ) = (1 + ⇒ξ⇒2)t/2Ψ+

(
ξ

⇒ξ⇒

)
(1 − Σ0(ξ)) , (4.17)

Ψs,Θ−(ξ) = (1 + ⇒ξ⇒2)s/2Ψ−

(
ξ

⇒ξ⇒

)
(1 − Σ0(ξ)) . (4.18)

(In the application, we shall take s < 0 < t with t − s < r − 1.) Just like
in (2.73), we set aOpϕ(x) := F−1(a(ξ) · F(ϕ))(x), where F is the Fourier
transform (2.12).

Definition 4.16 (Anisotropic Sobolev spaces W t,s
p,∗ and W t,s

p,∗∗ in Rd).
For a compact set K ⊂ Rd with nonempty interior, 1 ≤ p < ∞, and real
numbers s, t, set for ϕ ∈ C∞(K)

⇒ϕ⇒WΘ,t,s
p,∗∗

= ⇒ΨOp
t,Θ+

(ϕ) + ΨOp
s,Θ−

(ϕ) + ΣOp
0 (ϕ)⇒Lp , (4.19)

⇒ϕ⇒WΘ,t,s
p,∗

= ⇒ΨOp
t,Θ+

(ϕ)⇒Lp + ⇒ΨOp
s,Θ−

(ϕ)⇒Lp + ⇒ΣOp
0 (ϕ)⇒Lp . (4.20)

Then let WΘ,t,s
p,∗ (K) be the completion of C∞(K) with respect to ⇒ · ⇒WΘ,t,s

p,∗
,

and let WΘ,t,s
p,∗∗ (K) be the completion of C∞(K) with respect to ⇒ · ⇒WΘ,t,s

p,∗∗
.

The operator ΨOp
t,Θ+

+ΨOp
s,Θ−

+ΣOp
0 : S ′(Rd) → S ′(Rd) is bijective on S ′(Rd)

and we may define

WΘ,t,s
p,∗∗ (Rd) := (ΨOp

t,Θ+
+ ΨOp

s,Θ−
+ Σop

0 )−1(Lp(Rd)) ,

with induced norm. For 1 < p < ∞, the analogue of Remark 2.12 gives

WΘ,t,s
p,∗∗ (K) = {ϕ ∈ S ′(Rd) | supp(ϕ) ⊂ K , (4.21)

⇒(ΨOp
t,Θ+

+ ΨOp
s,Θ−

+ ΣOp
0 )(ϕ)⇒Lp(Rd) < ∞} ,

so that WΘ,t,s
p,∗∗ (K) is isometric to {ϕ ∈ WΘ,t,s

p,∗∗ (Rd) | supp(ϕ) ⊂ K}. The

space WΘ,t,s
p,∗ (K) may be described in a similar (although not as neat) way via

the injective (non surjective) map (ΨOp
t,Θ+

,ΨOp
s,Θ−

,ΣOp
0 ) : S ′(Rd) → S ′(Rd) ⊕

S ′(Rd) ⊕ S ′(Rd). Since (Lp)∗ = Lp/(p−1) for 1 ≤ p < ∞, and the operators

ΨOp
t,Θ±

are self-adjoint, the dual of WΘ,t,s
p,∗∗ is WΘ,−t,−s

p/(p−1),∗∗. (We shall not need

this.) The ∗∗ version of the norm is therefore more natural, in particular, for
any 1 ≤ p ≤ ∞ and all t ∈ R, we have

15 In the original definition of [28, App. A], the multiplication by (1 − ψ0) had been
inadvertently omitted.
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WΘ,0,0
p,∗∗ (K) = Lp(K) , WΘ,t,t

p,∗∗ (K) = Ht
p(K) . (4.22)

(See also Proposition 4.20, as well as the Comments at the end of this chap-
ter.) This double starred norm is also easier to manipulate to prove Lasota–
Yorke inequalities when T is C∞ (see Appendix D.4). However, the norm
W t,s

p,∗ is easier to describe in Paley–Littlewood form (see (4.29) and Proposi-
tion 4.24). We shall therefore use W t,s

p,∗ to prove the Lasota–Yorke estimate
in §4.3.1.

Definition 4.17 (Anisotropic spaces W t,s
p,∗ and W t,s

p,∗∗ on M). Fix 1 <
p < ⇒, and real numbers s and t. Fix C∞ charts Γω : Vω → Rd, a partition of
unity Ψω, and cone systems Σω satisfying the requirements of Definitions 4.14
and 4.15 in Section 4.2.1. The Banach spaces W t,s

p,∗∗(T, V ) and W t,s
p,∗(T, V ) are

the completion of C∞(V ) for the respective norms16

‖ϕ‖W t,s
p,∗∗(T,V ) := max

ω∈Ω
‖(Ψω · ϕ) ◦ Γ−1

ω ‖WΘω,t,s
p,∗∗

,

and
‖ϕ‖W t,s

p,∗(T,V ) := max
ω∈Ω

‖(Ψω · ϕ) ◦ Γ−1
ω ‖WΘω,t,s

p,∗
.

Remark 4.18. It is not explicit in our notation, but the spaces W t,s
p,∗/∗∗(T, V )

depend on the system of charts {(Vω,Γω)}, the cone systems {(Cω,±,ϕω,±)},
and the partition of unity {Ψω}. Choosing a di!erent system of local charts,
a di!erent set of cone systems, or a di!erent partition of unity, does not a
priori give rise to equivalent norms, although the Lasota–Yorke bounds in
Lemma 4.26 give relations. This does not cause problems.

We shall see in the proof of Theorem 4.6 that the next proposition implies
that, for the purposes of studying the essential spectral radius of the transfer
operator, the ∗ and ∗∗ norms can be viewed as equivalent:

Proposition 4.19 (Comparing W t,s
p,∗ and W t,s

p,∗∗). For each 1 < p < ⇒,

any Σ̃ < Σ and every t, s ∈ R there exists a C such that

‖ϕ‖
W Θ̃,t,s

p,∗∗
≤ ‖ϕ‖

W Θ̃,t,s
p,∗

≤ C‖ϕ‖WΘ,t,s
p,∗∗

for ϕ ∈ C∞(K). (4.23)

Proof. The first inequality is trivial. To prove the second inequality in (4.23),
it is enough to show

max{‖ΨOp

t,Θ̃+
(ϕ)‖Lp , ‖ΨOp

s,Θ̃−
(ϕ)‖Lp , ‖ψOp

0 (ϕ)‖Lp}

≤ C · ‖ΨOp
t,Θ−

(ϕ) + ΨOp
s,Θ+

(ϕ) + ψOp
0 (ϕ)‖Lp

for some constant C. Since

16 By Lemma 4.21, we can equivalently take the completion of Cr(V ). In addition,
the same comment as in the footnote to Definition 2.11 applies here.
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(C′
+,C′

−,Γ′
+,Γ′

−) be two cone systems.11 A Cr di!eomorphism F : U ⇒ Rd

onto its image is cone-hyperbolic from12 Ψ to Ψ′ if F extends to a bilipschitz
C1 di!eomorphism of Rd such that

DF tr
x (Rd \ C+) ! C′

− , ∀x ∈ Rd . (4.13)

The sign ± in the notation C± refers to the fact that we shall require
(via the Paley–Littlewood Definition 4.17) Sobolev regularity with a positive
exponent in the directions C+, while considering Sobolev distributions with
a negative exponent in the directions given by C−. See Remark 4.13 and
Definition 4.15.

Remark 4.12 (Choosing a larger/smaller cone system in the image/domain).
If Ψ′ < Ψ, then the identity map is cone-hyperbolic from Ψ to Ψ′. This remark
will be useful to obtain a Leibniz lemma from the Lasota–Yorke Lemma 4.26
(see the proof of Lemma 4.29, and Corollary 5.19). However, in general we
shall work with hyperbolic maps (recall (4.6–4.7)), and we may ensure that
the image cone system is strictly larger: Indeed, if F is cone-hyperbolic from
Ψ to Ψ′, then there exists a Ψ̃ < Ψ such that F is cone-hyperbolic from Ψ̃ to
Ψ′, and there exists a Ψ̃′ > Ψ′ such that F is cone-hyperbolic from Ψ to Ψ̃′ .

Remark 4.13 (Cone systems and stable/unstable cones). If F is hyperbolic,
then by the previous remark there exist cone systems Ψ < Ψ′ such that
F is cone-hyperbolic from Ψ to Ψ′. In that case, C−, C′

− correspond to
unstable cones for F , while C+, C′

+ correspond to stable cones for F . (See
(4.40) below.) In the application to transfer operators LgΣ = g · (Σ ◦ T ),
the map F will be (the extension to Rd of) a local iterate of the hyperbolic
di!eomorphism T . (In particular, composing with F improves regularity in
the stable cone for F , which is reflected in the positive regularity exponents in
the stable C+ in Definition 4.17.) In the literature [37, 87, 88] one sometimes
considers the transfer operator associated with T = T̂−1. In that case, the
stable cone of T is an unstable cone for T̂ and vice versa. In particular, C+

is an unstable cone for T̂ .

For a C1 cone-hyperbolic di!eomorphism (onto its image) F : U ⇒ Rd

from Ψ = (C+,C−,Γ+,Γ−) to Ψ′ = (C′
+,C′

−,Γ′
+,Γ′

−), and for a compact
subset K ⊂ U , we put

‖F‖+ = ‖F‖K,+ = sup
x∈K

sup
ξ "=0

DF tr
x (ξ)/∈C′

−

‖DF tr
x (ξ)‖
‖ξ‖ , (4.14)

and

11 We denote the transposed matrix of A by Atr. We view Cω,±, C′
ω,± as locally

constant cone fields in the cotangent bundle T∗Rd, so that F acts on these cones via
the transpose of DF .
12 Cone-hyperbolicity only depends on the data C+ and C′

−.
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4.2 The spaces W t,s
p,∗ and W t,s

p,∗∗

After introducing suitable finite systems of local charts and cones adapted
to our hyperbolic map T in §4.2.1, we define the (microlocal) “Sobolev”
anisotropic spaces W t,s

p,∗(T, V ) and W t,s
p,∗∗(T, V ) in §4.2.2 (Definition 4.17).

(The “Hölder” anisotropic spaces Ct,s
∗ (T, V ) will be introduced in Defini-

tion 4.23 in Section 4.3.)

4.2.1 Charts and cone systems adapted to (T, V )

In Section 4.2.2 (and Section 5.1.1), the hyperbolicity assumption will be
used to define anisotropic spaces in charts, via a system of invariant cones for
the cotangent dynamics. We introduce the relevant objects next. A cone in
Rd is a subset which is invariant under scalar multiplication. For two cones
C and C′ in Rd, we write

C ! C′ if C ⇒ interior (C′) ∪ {0} .

We say that a cone C is d′-dimensional if d′ ≥ 1 is the maximal dimension
of a linear subset of C.

Definition 4.10 (Cone systems, Γ < Γ′). Let C+ and C− be closed cones
in Rd, with nonempty interiors, of respective dimensions ds and du, and such
that C+ ∩ C− = {0} (i.e. the cones are transversal). Let Ψ+ : Sd−1 → [0, 1]
be a C∞ function on the unit sphere Sd−1 in Rd satisfying

Ψ+(Σ) = 1 if Σ ∈ Sd−1 ∩ C+, Ψ+(Σ) = 0 if Σ ∈ Sd−1 ∩ C−,

and define Ψ− : Sd−1 → [0, 1] by

Ψ−(Σ) = 1 − Ψ+(Σ) .

A quadruple10 Γ = (C+,C−,Ψ+,Ψ−) is called a cone system. For another
such quadruple Γ′ = (C′

+,C′
−,Ψ′

+,Ψ′
−), we write Γ < Γ′ if

(Rd \ C′
+) ! C− . (4.12)

(Condition (4.12) implies C+ ! C′
+ and C′

− ! C−.)

Definition 4.11 (Cone-hyperbolic diffeomorphism). Let U be an open
and bounded subset in Rd, and let Γ = (C+,C−,Ψ+,Ψ−) and Γ′ =

10 Cone systems were called polarizations in [28, 31].

Some Banach spaces for uniformly hyperbolic dynamics (Baladi ’18)



1. Stability to approximation
Super ezy mode: uniform 1D contractions:

𝑇F: −1,1 → [−1,1]	 𝑠. 𝑡. sup
K∈[MN,N]
F∈I

|𝑇FP 𝑥 | ≤ 𝛾 < 1.

• Almost any space of at least Hölder functions will give us a quasi-compact 
operator.

• But we want the best for computation (=“most compact”)

Note Apollonian circle 
packing is 2 real dimensions



1. Stability to approximation: Banach space
Let’s imagine that there are some open sets 𝑈, 𝑉 with

−1,1 ⊂ 𝑈 ⊆ 𝑈 ⊂ 𝑉 ⊆ ℂ

so that the 𝑇F , 𝑤F extend analytically to 𝑈 so each 𝑇F maps 𝑈 into 𝑉.

−1 1

𝑉
𝑈

𝑇F



1. Stability to approximation: Banach space
Define the Hardy space:

𝐻 𝑈 = 𝜑: 𝑈 → ℂ	analytic	and	bounded

with the sup-norm on 𝑈.

𝜑 𝑧 = 6
F

𝑤F 𝑧 𝜑 𝑇F 𝑧

Then:

• ℒ: 𝐻 𝑉 → 𝐻 𝑈  is bounded 

• 𝐻 𝑉  embeds compactly in 𝐻 𝑈 .

So ℒ: 𝐻 𝑈 → 𝐻(𝑈) is compact and thus approximable in operator norm by finite 
rank operators



2. Discretisation: polynomials

Let’s try and project our operator ℒ onto a space of polynomials:
𝑉 = polynomials	of	degree ≤ 𝐾

There are many ways to do this of varying quality.

Given 𝐾 points 𝑥R  we can choose as a basis of 𝑉 the Lagrange polynomials, 
defined by:

ℓR 𝑥R( = g1, 𝑗 = 𝑗′
0, else	

(so ℓR 𝑥 = ∏R(SR
KMK)(

K)MK)(
)



2. Discretisation: polynomials

We can use Lagrange polynomials to 
interpolate a function:

𝜑 𝑥 ≈ 6
RTN

U

𝜑 𝑥R ℓR 𝑥

For most choices of points {𝑥R}, this is a 
terrible idea.



2. Discretisation: polynomials

But for Chebyshev points, it works great:

𝑥V = cos
𝜋 2𝑘 − 1

2𝑘
∈ −1,1

Why?

	𝑥 → cos 𝜃
Chebyshev	points → evenly	spaced	points

polynomials → trig	functions	
✓
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2. Discretisation: polynomials

°1.5 °1.0 °0.5 0.0 0.5 1.0 1.5

=z

°1.0

°0.5

0.0

0.5

1.0

<
z

Ω = 1.0

Ω = 0.5

Ω = 0.2

Ω = 0.1

Theorem (Bandtlow & Slipantschuk ’19, 1D; W. and 
Vytnova ‘25 nD)
 Let ℒ (  be the 𝐾-point interpolation of ℒ. Then there exist 
(constructible) constants 𝐶, 𝑐

ℒ ( 	− ℒ )(+) ≤ 𝐶𝑒-.(

We can interpolate ℒ in the polynomial basis:

ℒ U ℓV =6
RTN

U

ℓR 	(ℒℓV)(𝑥R)

Now, suppose our sets 𝑈, 𝑉 are Bernstein ellipses:

All our estimates are exponentially good!

cos ℝ + 𝑖 −𝜌, 𝜌	



Work using Chebyshev discretisations
• Lyapunov exponents (W. ’19, W. ‘21, Pollicott–Vytnova ‘23), statistical laws 

(W. ’19, Crimmins–Froyland ’19), metric entropy (Pollicott–Slipantschuk ’24)

• Eigenvalues, almost-invariant sets (Bandtlow–Slipantschuk ’19, Blumenthal et al. ‘25)

• Hausdorff dimension (Pollicott–Vytnova ’22 , Vytnova–W. ‘25)

• Selberg zeta functions (Bandtlow et al. ’21)

• Lagrange and Markov spectra (Pollicott–Vytnova ’22, Matheus–Moreira–Vytnova ‘22)

• Fourier transform of fractal measures (W. ‘23)

• Linear response problems (Nisoli–Taylor-Crush ‘23, Froyland–Galatolo ‘23)

• Extended Dynamical Mode Decomposition (Bandtlow–Just–Slipantschuk group ‘23–, W. 
25, Herwig et al. ‘25, …)



Application 1: fractal Hausdorff dimension
If there exists a Frostman measure 𝜇 supported on a set Λ with

𝜇 𝐵 𝑥, 𝑟 ≤ 𝐶𝑟_	for	all	𝑥 ∈ Λ

then the Hausdorff dimension of Λ is greater than or equal to 𝑠. 

Under some nice conditions (𝑇F conformal…) we can find such measures as 
eigenmeasures of a transfer operator (ℒ_∗𝜇 = 𝜇)

ℒ_𝜓 𝑥 ∶= 6
F∈I

𝐷𝑇F 𝑥 _𝜓(𝑇F 𝑥 )



Application 1: fractal Hausdorff dimension

Suppose the fractal Λ is generated by uniform 
conformal, non-overlapping contractions {𝑇F}. Define

ℒ_𝜓 𝑥 ∶= 6
F∈I

𝐷𝑇F 𝑥

`N

_ 𝜓(𝑇F 𝑥 )

• 𝑅 𝑠 ≔ specrad	ℒ_ is strictly decreasing

• 𝑅 dima Λ  = 1 (Ruelle–Bowen formula)

dimH(⇤)

R(s) ∶= ⇢(Ls)

s

1

S

Ls0f
f

S

Ls1g
g

1



Application 1: fractal Hausdorff dimension
Numbers can have interesting continued fractions.

For example, they can just contain 1 and 2, e.g.

𝑥 =
1

2 + 1

2 + 1

1 + 1

2 + 1
1 + ⋯

These numbers form a set Eb ⊂ [0,1] invariant under 
the contractions*

𝑇N 𝑥 =
1

1 + 𝑥
, 𝑇b 𝑥 =

1
2 + 𝑥

𝑇# 𝑥

𝑇! 𝑥



Application 1: fractal Hausdorff dimension
The issue is basically to find 𝑠 ∈ [0,1] such that 1 is the leading eigenvalue of

ℒ_𝜑 𝑥 =
1

1 + 𝑥 b_ 𝜑
1

1 + 𝑥
+

1
2 + 𝑥 b_ 𝜑

1
2 + 𝑥

More advanced applications to Markov and Lagrange spectra, Zaremba 
conjecture…

HAUSDORFF DIMENSION ESTIMATES 1105

(4) dimH((M \ L) ∩ (3.92, 4.01)) < 0.8110098; and
(5) dimH((M \ L) ∩ (

√
20,

√
21)) < 0.8822195.

In particular, taking into account the known bound dimH(M\L∩(4.01,
√

20)) <
0.873316 [35, (B.6)] on the remaining interval we obtain an upper bound of

dimH(M \ L) < 0.8822195.

Note that this confirms the conjectured upper bound dimH(M \ L) < 0.888 [35,
(B.1)] and improves on the earlier rigorous bound of dimH(M \ L) < 0.986927
([35, Corollary 7.5] and [41, Theorem 3.6]).

For the purposes of comparison, we present the bounds in Theorem 1.3 with the
previous rigorous bounds given on di!erent portions of M \ L in Figure 1.

√
5

√
10

√
13 3.84 3.92 4.01

√
20

√
21

0.93 0.706104 0.986927 0.873316 0.961772

0.7281096 0.8552277 0.8710525 0.8110098 0.8822195

MM

PV

Figure 1. Comparison of old and new upper bounds

In the present work we will be looking for both lower and upper bounds. In
order to give a clearer presentation of the results we will use Notation 1.4.

Notation 1.4. We abbreviate a ∈ [b − c, b + c] as a = b ± c.

In order to get a lower bound on the di!erence of the Lagrange and Markov
spectra Matheus and Moreira [35, Theorem 5.3] showed that there is a lower bound
dimH(M \ L) ≥ dimH(E2) where E2 ⊂ [0, 1] denotes the Cantor set of irrational
numbers with infinite continued fraction expansions whose digits are either 1 or 2.2

The study of the dimension of this set was initiated by Good in 1941 [16]. There are
various estimates on dimH(E2) including [25] where the dimension was computed
to 100 decimal places using periodic points. In §4 we will recover and improve on
this estimate giving an estimate accurate to 200 decimal places and thus we deduce
the following result.

Theorem 1.5. 3

dimH(E2)

= 0.5312805062 7720514162 4468647368 4717854930 5910901839 8779888397

8039275295 3564383134 5918109570 1811852398 8042805724 3075187633

4223893394 8082230901 7869596532 8712235464 2997948966 3784033728

7630454110 1508045191 3969768071 3 ± 10−201.

Details on the proof of this bound appear in §4.1.2. Whereas it may not be clear
why a knowledge of dimH(E2) to 200 decimal places is beneficial, it at least serves
to illustrate the e!ectiveness of the method we are using compared with earlier
approaches.

2A slight improvement on this lower bound is described in the book “Classical and Dynamical
Markov and Lagrange Spectra: Dynamical, Fractal and Arithmetic Aspects” by D. Lima, C.
Matheus, C. G Moreira, S. Romana.

3The calculation was done using Mathematica. The validity of the estimate depends on the
internal error estimates of the software.

Pollicott and Vytnova, TAMS, 2022



Rigorous validation
To turn your computer bound into a theorem, you need:

• Interval arithmetic to keep track of round-off errors and 1D approximations 
(e.g. truncating sums)

• A trick to go from finite dimensions to the full problem
I used to loathe this part, but if you have the right trick it is not that bad

The innovation of Pollicott–Vytnova ’22 was to harness 
the fact that ℒ_ are positive operators dimH(⇤)

R(s) ∶= ⇢(Ls)

s

1

S

Ls0f
f

S

Ls1g
g

1



Application 1a: Apollonian circle packing

• For half a century the bound for the Apollonian gasket’s dimension was:

• Various non-rigorous estimates using Ruelle–Bowen formula: 
Thomas and Dhar ‘94, Curtis McMullen ‘98, de Leo ‘14, Bai–Finch ‘18
Issues:
• The contractions are actually non-uniform 

• They didn’t have much control over their discretisations

Theorem (Boyd, 1973): 
1.300197	 < 	𝛼 < 1.314534

Joint work with Polina Vytnova (University of Surrey)
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Non-uniform contractions
Our strategy* is to combine maps to get 
uniform contractions. 

This led to an infinite number of branches:

ℒ_𝜑 𝑥 = 6
jTN

±∈{m,M}

J

𝐽j,± 𝑥 _𝜑(𝑇j,± 𝑥 )

o j*+,

But we can approximate the tail via 
Euler–Maclaurin formula…

6
jTp

J

𝐽j,± 𝑥 _𝜑(𝑇j,± 𝑥 ) ∼ 6
qTr

J

𝑐 𝑙, 𝑠 𝑁NMb_Mq

* probably the most computationally effective approach for any 
low-dimensional dynamics ⁉



Application 1a: Apollonian circle packing
Problem of computation “solved”:

• In this algorithm, resources ∼ #certi�ied	digits smt.

• The same ideas transfer to a lot of other fractals!

Theorem (Vytnova and W., Invent. Math. 2025)

𝛼 = 	1.3056867280	4987718464	5986206851	0408911060	2644149646
	 8296446188	3889969864	2050296986	4545216123	1505387132
	 8079246688	2421869101	967305643 ± 10-#!/

???????✓✓✓ ???????
???????

Parabolic Julia sets

Rauzy gasket (from interval 
exchange transformations)



Application 2: Koopman operators
Suppose you have a dynamical system 𝑇:𝑀 → 𝑀 and you are interested in the 
evolution of states (Fokker–Planck operator but deterministic). 

That involves studying
𝒦∗𝜇 ≔ 𝑇∗𝜇

or its adjoint, known as the Koopman operator:
𝒦𝜓 ≔ 𝜓 ∘ 𝑇

The eigenfunctions of this operator identify invariant sets, almost–invariant 
sets…



Application 2: Koopman operators
𝒦𝜓 ≔ 𝜓 ∘ 𝑇

Hope: study Koopman operators from observations:
𝒦𝜓 𝑥V = 𝑇 𝑥V = 𝑥VmN

Almost invariant 
sets, metastable 
structures…

𝜎(𝐾)
Time series (maybe high-
dimensional/partially observed/...)





Application 2: Koopman operators
All our ideas are the same but with different basis functions.

Given function basis 𝜓r, 𝜓N, … , 𝜓w  find matrix 𝐾 that minimizes least squares 
error: 

𝐾𝒗 = argmin
x	yz{.	|j
}~�{.x���.

6
�TN

�

6
�

𝐾𝒗 �𝜓�(𝑥�) −6
�

𝒗� 𝜓� 𝑇(𝑥�)

𝒦�-(K.)

b



Application 2: Koopman operators
Huge industry, and it depends on your basis functions:

• piecewise constant functions (= Ulam’s method) (Dellnitz et al. 2001 – 300+ citations)

• Via linear functions/delay variables (DMD) (Tu ‘13,  2600+ citations)

• Via low-order polynomials (Extended DMD) (Williams et al. ‘15, 2000+ citations)

Most theoretical study of (E)DMD has been assuming ℬ = 𝐿b, which gives just 
continuous spectrum for chaotic system.



Application 2: Koopman operators

For expanding maps (i.e. the 
opposite of contractions), EDMD 
recovers the discrete spectrum of 
the Koopman operator…

Theorem (W. ‘25): the operator error of 
trigonometric least squares 
approximation against a general 
sampling density 𝜌

𝒫𝜑 = argmin
0	234.	67
89:4.0;<=.

�
>

!?
𝜑 𝑥 − 𝑝 𝑥 !𝜌 𝑥 d𝑥

is as small as that of Fourier projection 
(up to a constant).



Application 2: 
Koopman operators
…in a space of negative 
differentiability!

Left eigenmodes Right eigenmodes

 …in fact, in the space 𝐻 𝑈 ∗

Q: how do data sampling errors 
behave in a space of negative 
differentiability?



Outlook/bigger picture
• Transfer operators are an abstract, versatile way to study dynamics and their 

long-term behaviour

• We have methods to compute them rigorously and accurately (⟹ reliably), in 
an increasingly large array of settings

• The beginning of some very long journeys!
• Can we push on to study “difficult” cases like non-conformal fractals, non-uniformly 

hyperbolic dynamics? 

• Effectiveness of Koopman operator approximation from data? Can we quantify our 
uncertainty?

PhD scholarship on Koopman numerics from mid-2026! 

Advertisement        x


